In this paper, we first introduce the new notion of MT -cyclic contraction and establish some new existence and convergence theorems of iterates of best proximity points for MT -cyclic contractions. Some nontrivial examples illustrating our results are also given. MSC: 41A17; 47H09
Introduction and preliminaries
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. Let A and B be nonempty subsets of a nonempty set E. A point x ∈ A ∪ B is called to be a best proximity point for T if d(x, Tx) = dist(A, B). Let f be a real-valued function defined on R. For c ∈ R, we recall that
A map S : A ∪ B → A ∪ B is called a cyclic map if S(A) ⊂ B and S(B)
⊂
Definition . ([]) Let A and B be nonempty subsets of a metric space (X, d). A map T : A ∪ B → A ∪ B is called a cyclic contraction if the following conditions hold: () T(A) ⊂ B and T(B)
⊂lim sup x→c f (x) = inf ε> sup <|x-c|<ε f (x) and lim sup x→c + f (x) = inf ε> sup <x-c<ε f (x). Definition . ([-]) A function ϕ : [, ∞) → [, ) is said to be an MT -function (or R-function) if lim sup s→t + ϕ(s) <  for all t ∈ [, ∞).
It is obvious that if
is a nondecreasing function or a nonincreasing function, then ϕ is an MT -function. So the set of MT -functions is a rich class.
Very recently, Du [] first proved some characterizations of MT -functions. [] ; that is, for any strictly decreasing sequence
Motivated by the concepts of cyclic contractions and MT -functions, we first introduce the concept of MT -cyclic contractions.
Definition . Let A and B be nonempty subsets of a metric space (X, d). If a map T :
then T is called an MT -cyclic contraction with respect to ϕ on A ∪ B. http://www.journalofinequalitiesandapplications.com/content/2012/1/206
Remark . It is obvious that (MT) implies that T satisfies d(Tx, Ty) ≤ d(x, y) for any
x ∈ A and y ∈ B.
The following example gives a map T which is an MT -cyclic contraction but not a cyclic contraction.
. .} be a countable set and {τ n } be a strictly increasing convergent sequence of positive real numbers. Denote by
It is easy to see that T(A) = B and T(B) = A, and so (MT) holds. Define ϕ :
Since {τ n } is strictly increasing, lim sup s→t
From ( * ), we get τ ∞ ≤ τ  , which is a contradiction. Therefore, T is not a cyclic contraction on A ∪ B.
Next, we show that T is an MT -cyclic contraction with respect to ϕ. To verify (MT), we need to observe the following cases:
(ii) For m, n ∈ N with m > n and m > , we have
From above, we can prove that (MT) holds. Hence T is an MT -cyclic contraction with respect to ϕ.
In this paper, we establish some new existence and convergence theorems of iterates of best proximity points for MT -cyclic contractions. Our results include some known results in the literature as special cases.
2 Existence and convergence theorems for best proximity points First, we establish the following convergence theorem for MT -cyclic contractions, which is one of the main results in this paper.
Theorem . Let A and B be nonempty subsets of a metric space (X, d) and T : A ∪ B → A ∪ B be an MT -cyclic contraction with respect to ϕ. Then there exists a sequence {x
Proof Let x  ∈ A ∪ B be given. Define an iterative sequence {x n } n∈N by x n+ = Tx n for n ∈ N.
So it suffices to consider the case x n+ = x n for all n ∈ N. By Remark ., it is easy to see that the sequence {d(x n , x n+ )} is nonincreasing in (, ∞). Then
Since ϕ is an MT -function, applying Theorem D, we get
by (MT), we have x n- ∈ A and x n ∈ B for all n ∈ N. Notice first that (MT) implies that
and
On the other hand, if x  ∈ B, then x n ∈ A and x n- ∈ B for all n ∈ N. Applying (MT) again, we also have
Hence, by induction, one can obtain A, B) . The proof is completed.
Here we give a nontrivial example illustrating Theorem ..
. .} be a countable set. Define a strictly decreasing sequence {τ n } of positive real numbers by
It is easy to see that T(A) = B and T(B) ⊂ A and so (MT) holds. Let x  = v  ∈ A be given. Define an iterative sequence {x n } n∈N by x n+ = Tx n for n ∈ N. So {x n } and {v n } are identical, and hence
, if t = τ n for some n ∈ N, , otherwise.
Since lim sup s→t + ϕ(s) =  <  for all t ∈ [, ∞), ϕ is an MT -function. Now, we verify (MT). For m, n ∈ N with m > n, since {τ n } is strictly decreasing and
which prove that (MT) holds. Hence T is an MT -cyclic contraction with respect to ϕ. Therefore, all the assumptions of Theorem . are satisfied and the conclusion can follow from Theorem ..
The following best proximity point theorem can be given immediately from Theorem .. 
Here, we give an existence theorem for best proximity points. (ii) {x n- } has a convergent subsequence in A;
Proof Since T is a cyclic map and x  ∈ A, x n- ∈ A and x n ∈ B for all n ∈ N. By (ii), {x n- } has a convergent subsequence {x 
